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Abstract
We study the problem of partitioning point sets in the space so that each equivalence class is a convex polytope
disjoint from the others. For a set of n points P in R3, define f (P ) to be the minimum number of sets in a partition
into disjoint convex polytopes of P and F(n) as the maximum of f (P ), over all sets P of n points. We show
that dn/2(log2 n+ 1)e6 F(n) 6 d2n/9e. The lower bound also holds for partition into empty convex polytopes.
Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Partitioning is truly a classical problem in combinatorics. In the field of combinatorial geometry
Radon’s theorem [11], that any n > d + 2 points in Rd can be split into two subsets whose convex
hulls have a common point, is a fundamental result concern a partition of point sets with the intersection
properties. A partitioning of a given points set into k disjoint subsets is called a k-clustering. Several
researchers established the complexity status for some classes of clustering problems which minimize the
diameters, radii or sum of diameters of the clusters. See, for example, Capoyleas et al. [2], Hershberger [6]
and Johnson [8]. Here we discuss partitioning of a point set in a non metric way, namely into disjoint
(empty) convex subsets.
More than 60 years ago, Erdo˝s and Szekeres [4] showed that arbitrarily large point sets in general
position have large convex subsets demonstrated the application of Ramsey’s theorem to combinatorics.
However, almost all of the concrete problems remain open. In 1979, Erdo˝s [3] asked a similar problem:
for n(k)> 3, find the smallest integer n(k) such that any set of n(k) points in the plane, no three collinear,
contains the vertex set of an empty convex k-gon. The value of n(4) = 5 was found by Klein [4] and
n(5)= 10 was determined by Harborth [5]. Horton [7] showed that n(k) does not exist for k > 7. Thus
the outstanding question is whether n(6) exists. Overmars et al. [10] constructed a set of 26 points, no
three collinear, containing no empty hexagon. An interesting application of this problem was introduced
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by Katchalski and Meir [9]. They estimated the number of empty polygons in a given points set. For
related results see Bárány and Füredi [1].
In [13], we studied the problem of partitioning point sets in the plane so that each equivalence class
is a convex polygon disjoint from the others. We showed that any set of points in the plane could be
partitioned into at most d2n/7e disjoint convex polygons, and some point sets require d(n−1)/4e disjoint
polygons in any disjoint partition. We study here the corresponding problem in 3-dimensional Euclidean
space, R3. A convex polyhedron in R3 is the intersection of a set of half-spaces. A bounded convex
polyhedron is called a convex polytope. For every positive integer m, an m-polytope is a convex polytope
the number of whose vertices is m. Note that either a single point or a line segment or a triangle is also
considered to be a convex polytope in R3.
Let P be a set of n points in R3 which is in general position (no four points on a plane). A partition
Π(P ) of P is called a convex partition if P is partitioned by k subsets S1, S2, . . . , Sk such that each
CH(Si) is a convex |Si |-polytope where CH(Si) denotes the convex hull of the point set Si . We say that
Π(P ) has size k. A partition Π(P ) is disjoint if each CH(Si) is disjoint from the others. Given a point set
P , let f (P ) denote the minimum size of any disjoint partition Π(P ) of P . Define F(n)=max{f (P )},
over all sets P of n points inR3. Given a point set P inR3, we call a convex polytope determined by some
points of P empty if the convex polytope contains no point of P in its interior. Let g(P ) be the minimum
number of sets in any partition into empty convex polytopes of P . Define G(n)=max{g(P )}, over all
sets P of n points. Since a set of disjoint convex polytopes is also a set of empty convex polytopes, the
inequality F(n)>G(n) holds for every positive integer n. The main result in this paper is the following.
Theorem.⌈
n
2(log2 n+ 1)
⌉
6G(n)6 F(n)6
⌈2n
9
⌉
.
2. Proof of Theorem
We first state the following lemma which will be useful in determining an upper bound for F(n).
Lemma. Any set of nine points in R3, no four of them being coplanar, can be partitioned into two disjoint
convex polytopes, so F(9)= 2.
Proof. Let Q be a set of nine points in R3, no four coplanar. If CH(Q) is a 9-polytope, the lemma is
trivial. So we consider the following cases.
Case 1. Suppose that CH(Q) is an m-polytope for m= 8,7,6. Let Q′ be a set of points inside CH(Q)
and H be a plane containing Q′ and no vertex of CH(Q). Then H divides the vertices of CH(Q) into
two subsets, say V1, V2. Therefore, both Q′ ∪ V1 and V2 are convex polytopes which are disjoint.
Case 2. Suppose that CH(Q) is a 5-polytope. Consider the four remaining points y0, y1, y2, y3. Let H
be a plane which contains y1, y2, y3 and H+ be the half-space determined by H containing y0. If there
exist at most three vertices of CH(Q) in H+, then we can separate two disjoint convex polytopes by the
same argument as in Case 1. So we may assume that there exist four vertices of CH(Q), say X, in H+.
Consider the three planes H1,H2,H3 determined by {y0, y1, y2}, {y0, y2, y3}, {y0, y1, y3}, respectively.
Let H−i be the half-space which does not contain the remaining point of Q. Now
⋃3
i=1H
−
i contains
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all the points of X, so some half-space, say H−1 , contains a subset of at least two of the points. Then
H1 divides the vertices of CH(Q) into two subsets, say V1 in H−1 and V2 in the opposite side. Since
|V1 ∪ {y0, y1, y2}|> 5, V1 ∪ {y0, y1, y2} and V2 ∪ {y3} are convex polytopes which are disjoint.
Case 3. Suppose that CH(Q) is a 4-polytope x0x1x2x3. Again we have two subcases.
Subcase 3.1. The convex hull of the remaining five points is a convex 5-polytope C, y0y1y2y3y4.
Consider the six faces of C, say Si (i = 1,2, . . . ,6), and let Hi be a plane determined by Si . Let H+i
be the half-space which contains the other points of C and H−i be the complement of H+i . If there exist
at least two vertices of CH(Q) in H−i then we find two disjoint convex polytopes. Otherwise, every
half-space H−i contains at most one vertex of CH(Q). Now the three points on Hi are not vertices of
CH(Q). Therefore, every half-space H−i contains exactly one vertex of CH(Q). However, the subspace⋂6
i=1H
+
i is a convex 5-polytope C. Then each vertex of CH(Q) is contained in at least one H−i . Hence
a vertex of CH(Q), say x0, is in the intersection of a half-space H−i and five half-spaces H+j (j 6= i),
say in H−1 ∩H+2 ∩H+3 ∩H+4 ∩H+5 ∩H+6 . For instance, this may be illustrated by the following table.
The element (xi,Hj) in this table is a minus sign if xi is contained in H−j and if it is a plus sign, xi is
contained in H+j . By the above facts, every column has exactly one minus and every row has at least one
minus. So there exists a row such that exactly one element is minus and the others are plus.
H1 H2 H3 H4 H5 H6
x0 − + + + + +
x1 + − + + + +
x2 + + − − + +
x3 + + + + − −
Then CH({x0, y0, y1, y2, y3, y4}) is disjoint from the other triangle.
Subcase 3.2. The convex hull of the four points inside x0x1x2x3 is another 4-polytope C, y0y1y2y3.
Again, let z be the remaining point which must be inside C. Consider the four subspaces determined by
the cones zy0y1y2, zy0y1y3, zy0y2y3, zy1y2y3. One of these, say zy0y1y2, contains at least one point of
CH(Q), say X. Hence the convex hull of X ∪ {z, y0, y1, y2} is a convex polytope disjoint from the other.
This completes the proof of lemma. 2
Remark. It is possible to prove that there exist two disjoint convex polytopes, one of which is a 4-
polytope and the other is a convex 5-polytope for any set of nine points in R3. In fact, suppose that a set
of nine points are divided between a p-polytope V1 and a q-polytope V2 for 16 p 6 3 and p + q = 9.
Let v be a vertex of V2 closest to V1. Then V1 ∪ {v} and V2 \ {v} are also disjoint convex polytopes.
Proof of the upper bound. For any collection P of n points, we can divide the space into dn/9e convex
regions, each containing at most nine points as follows. Consider a plane H that is not parallel to any
one of
(n
2
)
line segments which join any two points in P . We translate H until nine points are on one
side of H . We may continue in the same manner so that there exists bn/9c disjoint convex regions each
one containing nine points. Let V be the remaining point set. If the size of V is at most four, CH(V ) is a
convex polytope disjoint from all the previous ones. Otherwise, there exist at most two convex polytopes
disjoint from all the previous ones. In both cases, P can be covered by at most d2n/9e disjoint convex
polytopes by the lemma. 2
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To prove the lower bound for F(n), we consider the lower bound for G(n): the maximum of the
minimum number of empty convex polytopes, over all sets P of n points. To arrive at our result, we
invoke the well-known Erdo˝s–Szekeres theorem.
Theorem A (Erdo˝s and Szekeres [4]). Let ES(t) be the smallest integer such that any collection of ES(t)
points in the plane, no three collinear, contains t points which are the vertices of a convex t-gon. Then
2t−2 + 16 ES(t)6
(
2t − 4
t − 2
)
+ 1.
Proof of the lower bound. Let n = 2m. We construct a configuration of 2m points in R3 for which
G(2m) > dm/(log2m + 2)e. For any point x in R2, let f (x) = x · x (dot product). Note that f is a
strictly convex function. We define a point x in R3 to be a lifting of x if x = (x, f (x)). By Theorem A,
there is a set of m points in the plane, no three collinear, which does not contain the t vertices of a convex
polygon where t = blog2m+2c. Since no three points are collinear, all sufficiently small perturbations of
the set have the same property. Therefore there is such a set with no four points cocircular. LetHm be such
a collection of m points such that no four points of Hm lie on a circle. We define the m point set Qm in R3
by lifting Hm with f . It is well known that the fact that no four points in Qm are coplanar is equivalent to
the condition that no four points of Hm are cocircular. Let p be any point of Hm. Place the other m points,
say Q′m close to (p,f (p)+ εp) so that no four points of Qm ∪Q′m are coplanar. Now we can choose
a positive number εp small enough so that the line segments pp′ do not intersect any plane spanned by
points in Qm for p = (p,f (p)) and p′ = (p,f (p) + εp). Let C be any empty convex polytope with
vertices in Qm ∪Q′m. We claim that |V (C) ∩Qm|6 t where V (C) is the vertex set of C. Suppose, on
the contrary, that |V (C) ∩Qm| > t + 1. Let V (C)∩Qm be the orthogonal projection of V (C) ∩Qm
onto R2. By the construction, V (C)∩Qm is a subset of Hm. Since |V (C) ∩Qm| > t + 1, V (C)∩Qm
is non-convex. It follows that there exist four points v, x, y, z in V (C)∩Qm such that v is contained in
CH({x, y, z}). Let v, x, y, z be the corresponding lifted points. We will show that the neighbouring point
v′ of v is contained in CH({v, x, y, z}), contradicting the fact that C is empty. Since v is in CH({x, y, z}),
there exist three positive scalars λ1, λ2, λ3, λ1+ λ2+ λ3 = 1, such that v = λ1x + λ2y + λ3z. Therefore,
f (v)= f (λ1x + λ2y + λ3z)< λ1f (x)+ λ2f (y)+ λ3f (z)
since f is strictly convex. It means that v = (v, f (v)) lies below the plane spanned by x, y, z. In fact
the line segment with endpoints (v, f (v)) and (v, λ1f (x)+ λ2f (y)+ λ3f (z)) lies in CH({v, x, y, z}).
Since v′ is close to this segment, by choice of εv , it lies in this simplex and hence in C. To complete the
proof, consider any partition ofQm∪Q′m into empty convex polytopes. Since no polytope in the partition
contains more than t points of Qm, we must have at least dm/te polytopes. 2
3. Final remarks
(1) This problem can be generalized, in an obvious way, to higher dimensions. Generalizing the
definition of F(n), let Fd(n) denote the maximum of the minimum number of disjoint convex polytopes
in Rd . Using the same method as the proof of the lemma, it may be possible to prove that every set of
2d+ 3 points in Rd can be partitioned into two disjoint polytopes, so Fd(n)6 2n/(2d+ 3). However we
feel that this bound is still fairly loose. In [13], we constructed the n(= 2m) points set Qm∪Q′m such that
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any polygon determined by three points of Qm contains at least one point of Q′m. Then the configuration
requires (n − 1)/4 disjoint (empty) convex polygons in any disjoint partition. For the 3-dimensional
case, we conjecture that such a configuration exists: there exists a 2m points set Qm⋃Q′m such that any
4-polytope in Qm contains at least one point of Q′m. We also conjecture that F 3(n)= n/6. Moreover, in
general, we conjecture that for any set of n points in general position in Rd, d > 3, Fd(n)= n/2d .
(2) Another interesting problem is to study the similar question for empty convex sets. Given a point
set P in Rd , let gd(P ) be the minimum number of sets in a partition into empty convex polytopes of P .
DefineGd(n)=max{gd(P )}, over all sets P of n points. In general, the inequality Fd(n)>Gd(n) holds
for every positive integer n. In [13], we also showed that d(n− 1)/4e6G2(n)6 d3n/11e. What is the
exact value for Gd(n)? We know that F 2(n) >G2(n) for n= 8,11,13. It would be nice to generalize to
other values of n, d .
(3) We are also interested in the following application. Estimate the minimum number of distinct
convex polytopes which cover a given point set in Rd . Let hd(P ) be the minimum number of subsets in
a convex partition of a given point set P in Rd . Define Hd(n)=max{hd(P )} over all sets P of n points
in Rd . In the case of R2, we showed
n
log2 n+ 2
6H 2(n)6 2n
log2 n− log2 e
applying the Erdo˝s–Szekeres theorem. An open problem is to find the exact value for Hd(n). Now, to
study the bound for H 3(n), we can easily show the following.
Proposition. From six points in the space of which no four coplanar it is always possible to select five
points determining a convex 5-polytope.
Let K5n denote the hypergraph consisting of all 5-tuples of n points. By Ramsey’s theorem [12], if we
color the edge of K5n by red and blue, then there exists either a red K5t or a blue K56 : that is, there exists a
Ramsey number R52(6, t). Let a quintuple of the given n points be red, if it forms the vertex of a convex
5-polytope and be blue otherwise. If n> R52(6, t) then we have either t points with all quintuples red or
six points with all quintuples blue. However, for every six points in R3, there exists a convex 5-polytope
by the proposition. Therefore every collection of n> R52(6, t) points in R3 contains a convex t-polytope.
Hence we can show H 3(n)= o(n).
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